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Efficient Procedure for the Design and Upgrade of Sensor Networks Using
Cutsets and Rigorous Decomposition

Mayur Gala and Miguel J. Bagajewicz*
University of Oklahoma, 100 East Boyd Street, T-335, Norman, Oklahoma 73019

We present a decomposition procedure that accelerates the computational performance of the tree enumeration
method presented by Gala and Bagajewicz [Gala, M.; Bagajewicizndil.Eng. Chem. Re2006 6679-

6686], which is based on the union of cutsets. The new algorithm, which is rigorous, uses union and a ring
sum of cutsets and is based on the decomposition of the graph into subgraphs. The robustness and the efficiency
of the proposed algorithm are tested on a large scale refinery problem.

Introduction S5

In our first part! we developed a tree algorithm to design a S Sy
robust sensor network handling precision, residual precision,
error detection, and resilience. The proposed tree algorithm
included finding all the cutsets of the process graph and using
these cutsets to explore solutions using tree enumeration,rigure 1. Ten stream process flow diagram.
branching, and bounding. The proposed algorithm solved
medium size problems efficiently and much faster than the 5 Ss Ss
original algorithm proposed by Bagajewi#Z which is based
on streams. However, in the case of large size problems, the
proposed algorithm proved to be inefficient due to the presence
of a large number of cutsets.

To test the union of cutsets algorithm on a large size problem,
a refinery problem (Figure 8) was attempted using the proposed
algorithm based on a tree of cutsets. A total of 803 cutsets were
found. The proposed algorithm explored a total of 153 857 760 Table 1. List of All Cutsets for Figure 1

S3

(A) (B)

Figure 2. Single decomposition of Figure 1.

nodes in 7 days and skipped 7:3 10?*° nodes when it was cutsets streams
interrupted. Assuming the same fraction of nodes to be skipped c 55 %S
from the remaining nodes, the estimated time of completion is C 99%SS
45 days. In the present article, we propose a new concept of Cs $99%%S
decomposition of the process flow diagram, reducing the total Cs 995 %S So
number of cutsets of the system used in the cutset algorithm. Cs S S S

The article is organized as follows: We first introduce the 83 g 2 z S, S
decomposition procedure. Then, we show that the decomposition Cs S S
method reduces the total number of cutsets and by using these Co S S S So
reduced cutsets one can reconstruct each cutset of the entire Cio S1 S S, S0

undecomposed process flow diagram. The reduction in the

. . . Table 2. List of Cutsets for the Subdiagrams of Figure 2
number of cutsets increases with the number of decompositions,

and it also changes with the locations of the chosen cuts for _decomposed subflow diagram A decomposed subflow diagram B
the decomposition. However, with the increase in the number cutsets streams cutsets streams

of decompositions, the number of streams connecting the  ca SS9 S S Ca1 S S
subdiagrams also increases, reducing the lower bound used in  Caz 9% %S Ce2 S S S, So

the stopping criteria of the new tree algorithm. We finally Cas %S Cas S % % S

propose an approach to find the optimal location and number
of decompositions in the flow diagram. We also discuss how
the branching and stopping criteria used in the cutset algorithm )
are modified for the decomposition algorithm. The efficiency 1SS the cutsets for each of decomposed subflow diagrams A

and robustness of the proposed algorithm are examined on aand B. -
large scale refinery problem. The total number of the cutsets of the system consisting of

Decomposition of Process Flow DiagramsConsider the WO decomposed subflow diagram reduces from 10 to 6.

simple process flow diagram shown in Figure 1. Table 1 lists A Very well-known property of graph theory is that the ring
all the cutsets of the flow diagram (Figure 1). sum (union— intersection) of any two cutsets of a graph, which

Let us decompose the process flow diagram of Figure 1 at has at least one stream in common, results in a new cutset of
the center (strears) into two subflow diagrams (shown in  the same graph. Hence, the ring sum on any two cutsets, each
from a different subdiagram and both having the connecting

*To whom correspondence should be addressed. Tel.: 405 325-Streams in common, results in a new cutset containing streams
5458. Fax: 405 325-5813. E-mail: bagajewicz@ou.edu. of both decomposed subflow diagrams. We illustrate this next.

Figure 2). We call the stream (or streams) that connect the
subgraphs “connecting streams% (n our example). Table 2
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Figure 3. Two decompositions of Figure 1. Figure 4. Three decompositions of Figure 1.
Table 3. List of Cutsets of Subdiagrams of Figure 3 Table 4. List of Cutsets of Subdiagrams of Figure 4
Decomposed Subflow Diagrams cutsets streams
A B C Ca1 S99 S
Ca2 %S S
cutsets streams cutsets  streams  cutsets streams Ces S S
Ci $9%S Ci %S5 Ca S99 So Cos S % S So
ggi 2 g; S Table 5. Total Number of Cutsets of the System with Single
' Decomposition at Different Locations
The cutsets of Table 1 that are not listed in Table 2@ye connecting streams total number of cutsets of the system
{Slv SZ! 831 Sf)y 87}1 C4 {Sl! SZ! S31 %l %1 831 SlO}: CG {Sly S51 S‘ 7
S}, andCr {S, S5, S, S, Sig}- These cutsets contain streams S 6
present in both subflow diagrams. We now show the ring sum S 7

operations to obtain these cutsets: . .
all the cutsets of Table 1 not listed in Table 4 can be ex-

C;{S.S. S, 5,5} = _Ll)_lotr)lezd4by performing the ring sum operation on the cutsets of
C 'S, S, S, S8} xC , able 4.
2% S S S S 2% S} With a fixed number of decompositions, the total number of
C .S, S, S, S, S, = cutsets of the system also varies with the location of decomposi-
(5SS Sé Se{ % Sd Co,{ tion, as illustrated in Table 5 for Figure 1, where the total
{5 % 5 S & xC{S% S S S number of cutsets of the system for decomposition at different
locations (different connecting streams) is depicted.

ColSi S S = Cas{S & & x Car (S S On the basis of the above, we now propose a tree searching
_ algorithm similar to the one developed by Bagajewimad used
Ci{S% S S SSd= by Gala and Bagajewiczbut now, we use the reduced number

Cas{Sh S &} x G {S & & S of cutsets obtained from decomposition of the flow diagram as

) ) building blocks. We also had to revise the branching and
Now, let us decompose the process flow diagram of Figure 1 stopping criteria.

into three subdiagrams cutting at strea®andS;. Streams,
and$; are now the connecting streams between the decomposedrqe Enumeration Algorithm with Decomposition
subdiagrams (Figure 3). Table 3 lists all the cutsets of the

decomposed subflow diagrams. In our previous article, we proposed a tree enumerating
The total number of cutsets of the system reduces to five. method with branching and bounding similar to the one
The cutsets from Table 1 not listed in Table 3 &£{S;, S, developed by BagajewiéZor streams. The method consisted

%% S, C{S %S S CG{SL$SS S S, S, of using all the cutsets of the process graph to develop the tree
C{Sh S S S Sigf, andCo {Ss, S8, S, Sig}. Again, these where each node was defined by a union of cutsets rather than
cutsets can be obtained by performing a ring sum operation onthe union of stream measurements. In the present article, we

the decomposed cutsets of Table 3. propose a similar tree enumerating method but now using the
reduced numbers of cutsets obtained from decomposition of the
C{S. S8 8.8 = process flow diagram and different operations than the simple

Ca{S, S, S, S} xCgi{S, S, S} union at each node.
The branching and stopping criteria used were also modified

C:{S. S, S, S, S} = as follow_s: While considering the design of t_he redundant sensor
Ca{S, S» Sy S} x Cap{Sy S, S} network in a tree, we measure all the variables of the cutsets
ALLEDL =2 = B2l=w = active in that node, and for a nonredundant network (considering
_ observability), we measure all the variables of the active cutsets
ClS S99 5% S8 =CuisS S S 8) x except the key variables. Next, we explain the operations
Ce2{S & S}t x Co1 {S, & & S performed at each node of the enumeration tree when exploring
the cutsets obtained from decomposition.
C{S% S S S84 = Single Node Operation in the Enumeration Tree.Using
Ce{S: S S} xCluy{S, S S S the reduced number of cutsets obtained from the decomposition
of the process flow diagram, we construct all the remaining
C{S. S S S =C3{S;, S} xC1{S. S S St cutsets of the system that can be constructed by performing the
ring sum operation of the cutsets selected in that node. In other
Finally, if we decompose the flow diagram of Figure 1 into the words, various solutions can emerge from considering this
maximum number of subdiagrams possible (4; see Figure 4).node: the union of all cutsets, which is what is done in the
The total number of cutsets of the system is now four. Table 4 previous algorithrhand in the different combinations of ring
lists the cutsets of the subdiagrams. As in previous illustrations, sum operations and unions (the ring sums add all the remaining
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cutsets that contain elements of the two subgraphs involved).
We now illustrate this.
Consider the flow sheet of Figure 1, which is decomposed
into the two subdiagrams (with connecting streSh shown
in Figure 2. The list of candidate cutsets to use is the one of
Table 2. Assume a node in a cutset tree containing cu@ets
{S,$ S S, S} andCgi {Ss, S7}. We first perform the union t=(1,0,0,.)
operation to ge{S, S, S5, S5, S, S7} and evaluate the node
with g ={111011100p. Next, if the node contains cutsets from
two different subdiagrams intersecting at the connecting stream,
as is the case, then we perform the ring sum operation of the
cutsets to obtain one of the remaining cuts¢f, S, S5, S,
S} and evaluate th_e node usiog—= {11101Q1. Note that if t=(1.10..) =0
the cutsets do not intersect at the connecting stream, then the i
ring sum is equal to the union, which is the first operation tried. Figure 5. Enumeration tree using cutsets.
It is important to point out that we only perform ring sum
operations on cutsets that belong to different subgraphs and (2) Sort all building block candidates (individual measure-
perform 0n|y a union when the cutsets be]ong to the same Ments and CUtSGtS) in ascending order of their cost with a
subgraph. For example, in the case of Figure 2, consider thatmaximum number of key variables first. The idea is that one
in a node we have cutse®, {S1, S S, S5, S}, Ce1 { S, S} would like to capture all the cutsets that contain the key variables
andCaz {Ss, S8, So, Sig}. We first perform the union operation ~ first and then make the union of these with others. If we add
t0get{S, $ S S S S S S, Sigp and evaluate the node  cutsets without key variables, we believe that this will result in
with g = {111011111}. Then, we perform the following ring  an inefficient search. (The cost of a cutset is equal to sum of
sumCaz x {Cg1 U Cgp} to obtain{S, S, S, S, S, S, S, the costs of the instruments placed on the streams of that cutset).
Sip with the corresponding = {111010111}. (3) Start with the root node with no cutsets (candidates) being
If we have more than two decompositions and the node added, i.e.t = {0, 0, 0, ...), trivially infeasible.
contains connecting streams and cutsets from different subdia- (4) Using the branch first rule, develop each branch by

grams, then we perform all combinations of union and ring sum making one element of “t" active and adding one cutset

operations between them. Consjder again the .ﬂOW Sheet.Of(candidate) at a time which is chosen from the remaining cutsets
Figure 1 but now decomposed into three subdiagrams (with (candidates) using a branching criterion

connecting stream&, and S;), as shown in Figure 3 (cutsets L . . o
listed in Table 3). Assume a node in a tree containing the cutsets (5) While implementing the branchlng crlf[erla, if any set of
Car {SL S, S S, Ca1{S S S, andCei{Sn S S, Si}. ;treams ha§ already peen evaluated in previous nodes, that node
The node contains cutsets from each subflow diagram and all'S not continued. This occurs frequently bgcause one set of
the connecting streams. The combination of union and ring sumMmeasurements can be a result of the union and ring sum
operations performed between the cutsets is as follows: operation of different sets of cutsets.
(6) This is continued until the stopping criterion is met. In
CiUCUCH={S,5.55%%S5 S S S¢ such a case, the algorithm backs up two levels and develops
(9=1111111111) the next branch.
Branching Criterion. Using the ring sum operation at each
CaxCaUCe={5.$585%S5 % S Sd node brings the possibility of reducing the cost of the node
(q=1110111111) considered. Our intention here is to choose the cutset to add
that will contribute to the smallest overall cost. In our previous
CaUCauxCei={S,5.55%%S S S article, we performed only union operations at each node
(g=1111110111) resulting in the cost of the nodes always increasing when adding
cutsets Because we perform both union and ring sum operations
CaxCaxCe={5,5 5% %% S S at each node, the branching criterion needs modification. We
(g=1110110111) therefore use the following.

While exploring the tree from one node to the other, either
going down the tree or exploring the sister node: (i) the union
operation between the existing cutsets and all new candidate
cutsets is performed; (ii) all the connecting streams present are
to the one we proposed in our previous article. eliminated; (iii) the cost is obtained; (iv) the candidate that

The proposed procedure is as follows: results in the lowest cost is selected.

(1) Decompose the process flow diagram at fixed locations ~ Stopping Criterion. We discussed in previous section that
into some fixed subflow diagrams. Find the cutsets of each at each node we perform combinations of union and ring sum
subflow diagram and add them to get a reduced number of operations, evaluate the node with @aectors, and select the
cutsets of the system. If nonredundant networks are allowed,one which is feasible with the lowest cost. If the seleated
add the measurement of individual key variables as one vector does not contain any connecting streams, then all the
candidate to use and remove the key variables from all the nodes down the tree or in sister branches will have higher cost.
cutsets that have been identified. When a cutest contains moreThis is because in exploring nodes down the tree or sister nodes,
than one key variable, then create as many cutsets measuringit least one stream will be added to the existing feasible set of
all but each key variable at the time. The list now has cutsets streams and therefore the cost will always increase. Hence, if
with key variables removed and key variables. the selected vectoq is feasible and does not contain any

t=(0,0,0,..)

The node is evaluated for every vectprand the feasible one
with the minimum cost is considered as the output solution of
the node.

The tree enumeration procedure (shown in Figure 5) is similar



6690 Ind. Eng. Chem. Res., Vol. 45, No. 20, 2006

Table 6. Flow Rates for Example 1 t = {00000}

streams § & S S S 0SS S S S So t= {10000}
flow 150.2 86 82 146.2 52 198.2 198.2 85 47 160.2 (9=1{0001110000})

Table 7. Costs of Flow Meters for Example 1

steams & & S S S S S S S So (5333833}11000})

cost 2300 2500 2200 1400 1400 2300 2900 2500 2400 2200

Csi and Cs2

Table 8. Sorted Cutsets for Example 1 t= {11100}
i (9 ={1111111000}) _
cutset streams no. of key variables cost (q = {1110111000}) t: {11010}
Cer S S S 1 5100 oo Cmandcn (478D
Cas S S 1 5200
Ce1 S,% S, So 1 10 000 t={11110} Car, Cez and Cey
Cg2 S$.$, S 0 5700 (g ={1111111111})
Ca1 S99 S 0 8 400 §q={1110111111})

q={1111110111}) Ca, Cez, Car and Ces
connecting stream, the tree is not explored further down on any (a={1110110111)
branches but backs up two levels and explores the rest of theFigure 6. Tree for example 1.
tree.

However, if the selected vectqrcontains connecting streams,
then the nodes down the tree or in sister branches can have
vectorsq with lower cost. This may be due to the addition of
cutsets (with or without connecting streams) and then performing
ring sum operations, eliminating all connecting streams to give
lower cost. Hence, we use the following lower bound stopping
condition:

Current feasible node cost
Connecting streams cost in this notle
Min instrument cost Best feasible node cost found Figure 7. Example 2 (following the work of Madron and Vevefka

where the “minimum instrument cost” is the minimum value  giagrams and add them to get the cutsets of the system. A total
of all costs of all candidate instruments in the network. This of five cutsets are found; these cutsets are sorted in ascending
condition basically calculates a lower bound to which the cost qrqer of cost with those containing more key variables first and
can be reduced in some node down the tree or in sister nodesgg on, First, three cutsets containing a single key variable are
The condition emerges from the extreme case in which new sqrteq in ascending order of their cost, and then, the remaining
cutsets are added such that all of them contain the connectingyyo cutsets with no key variables are sorted. These sorted cutsets
streams and all existing measured streams except one, whichyye Jisted in Table 8, which we use to explore the tree.

could be the stream with the lowest cost. Why is this a lower We start the tree with a root node with no cutsets added

bourno:i. :'rsvt\;htihﬁ C;)ISt Cl?r:ir?ntly gon(:lowtliﬂnbe??usrﬁ Ofr ”n%l?#r?(tnwally infeasible). Now, we start exploring the tree by adding
operations, which only € ate connecting streams (recall tha the first cutset and we pick the cheapestpn (Figure 6); thus,

we do not perform ring sum operations on cutsets belonging to nodet = {1000@ is evaluated by adding the instruments on

the same subgraph). A lower bound obtained by eliminating _ .
- . the streamsy, S5, andS (@ = {0001110009). The node is
all the connecting stream costs and not adding any new Strean\nfeasible, SO we go to th(e?nex{t level in thept)reec, {1100Q.

e e e Hete, CeCor 1 acVe and we slect a new clse 0 add
9 ) ’ rom the remaining four cutsets using the branching criteria.

is the one corresponding to a cutset that contains the streamp, . final cost after adding the cutsets &g U Cgs = 8000
with the minimum cost and the rest of the streams already Cay x Cey = 12 200,Ca; U Cap = 8000 andCBlng Car _

existing in the current node. . 8500.Cg1 U Cgz andCg1 U Cg; give the same resultant cost.
ex\évn?;:glsstrate the performance of the procedure with several Thus, cutsetCs is selected and added to cutsBs;, and
) instruments are placed on strearts, S, S, S (9 =
{0001111009). The node is infeasible; hence, we go deeper
into the tree, selecting one more cutset to be added from the
Example 1. Consider the 10 stream process flow diagram remaining three cutsets.
with 4 units shown in Figure 1. We use this example just to At nodet ={1110@Q, Cg; andCg; are the active cutsets and
illustrate the cutset tree procedure, not the method of finding we need to select and add one cutset from the remaining three
the optimal locations and number of decompositions or the cutsets,Cgs, Ca1, and Cc1. The one that provides the lowest
computational performance. The flow rates of Table 6 were cost after elimination of the connecting streanCjg; indeed,
used. It is assumed that flow meters of 1.5% precision are Cg; U Cgy U Cgz gives rise toq = {0001111009, that is,
available. Table 7 gives the costs. streamsSy, S5, S, and Sy, which were already considered in
Precision is only required for variabl& and s with og* = the previous node; hence, we discard it. Now, the cuEgets
2% andog* = 2%. A residual precision order of X & 1) and from a different subflow diagram; hence, we perform a ring
threshold ofye* = 4% andys* = 4% are required. We consider sum and a union operation. We evaluate the node gith
the two decompositions of example 1 shown in Figure 3 at {1110111009 (Cg; U Cg2 x Caz) (ring sum operation; stream
streamsS, andS;. Next, we find the cutsets of all three subflow S, is eliminated). The node is also infeasible if the union is

Examples
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Table 9. Flow Rates for Example 2 Table 11. Cutsets for Single Decomposition of Example 2
stream flow stream flow stream flow connecting streams total cutsets

S 140 S 10 Si7 5 {S1} 92
S 20 Sio 100 Sis 135 {Sis} 70
S 130 Su 80 Sio 45 {Siet 50
S 40 Stz 40 S0 30 {Sis, S} 36
S 10 Sis 10 Sn 80 {Sw0, S} 44
S 45 Sia 10 S 10 {Ss} 59
S 15 Sis 90 S 5 {Sd 76
S 10 Si6 100 Sa 45 {Si3 95

Table 10. Cost of Flow Meters for Example 2 feasible for all four combinations; hence, we choape=

stream cost stream cost stream cost {111011011}. Wlth a m|n|mum COSt Of 17 800 NOW, no CUtSGtS
are left to add or even explore the sister nodes; hence. we back

S 19 S 5 Si7 17 .
S 17 S0 13 Sis 18 up two levels and explore the sister nodes.
S 13 Sit 17 Sio 17 At nodet = {1101Q, we haveCg; andCg; active. At this
S 12 Sz 13 S0 15 point, Ca; has already been considered. Cutgeis and Ccy
S 25 Sis 12 S 15 are the available cutsets, and we choose and add dD¢set
S 10 Sia 12 So 13 . . L. .
S 7 S 17 Sa 13 which gives a lower cost of 12 200 after elimination of the
S 6 Sis 19 S 13 connecting streams. Indee@¢; is from a different subflow

diagram; hence, we evaluate the node wgtis (0001111111)
chosen. The node is again infeasible; hence, we go still deeperand g = (0001110111). The node is feasible with =
into the tree. The next choices &gz andCc;, in which again (0001110111), measuring strea®sSs;, S, S, S, andS;o with
Cg1 U Cgz x Ca1 U Cgz have been already considered in a pre- a cost of 12 200. This is the optimal node found, but we continue
vious node; hence, we choo€e;. Here, we have cutsets from  with the rest of the tree with the same branching and stopping
all three subflow diagrams; hence, we perform all combinations criteria (see Figure 6). The algorithm explores a total of 17 nodes
of union and ring sum operations evaluating the node gith out of 311 nodes (the total number of nogegn of cutsets— 1
{1111121111} (union operation)q ={111011111} (ring sum or 22 — 1). The algorithm took less thdl s tosolve this problem
operation eliminating strea®;), q ={111111011} (ring sum on an Intel Celeron 1.39 GHz, 256 MB RAM PC.
operation eliminating streai®,), andq = {111011011} (ring Optimal Number and Locations of DecompositionsWe
sum operation eliminating both strea®sandS;). The node is showed in the previous section that with the increase in the

34
u13 35,

44—

UNITS

U3/U9- HEN u18

US5- DESALTING UNIT 5

U- CRUDE VESSEL —

U10- PREFRACTIONATION TOWER 4 "

U11/U14- CONDENSER 6 * 38-41
U12/U17- FURNACE 47—

U13- ATMOSPHERIC TOWER

U15/U16- ATMOSPHERIC PRODUCT DRYER
U18- VACUUM TOWER

Figure 8. Crude distillation unit flow diagram. Reprinted with permission from ref 5. Copyright 2005 John Wiley & Sons.
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Table 12. Results for Example 2 for Different Numbers of Decompositions

no. of total connecting nodes optimal
subgraphs cutsets connecting streams streams cost time explored node
0 116 none 1min48s 4219 832
1 36 {Sis, S} 24 1minl7s 15923 11391
2 26 {Sie} { S0, S} 38 43s 10 462 236
3 21 {Sis} { S8, S8} {Ss} 54 1min55s 14 787 7396
3 21 {Sie} { S8, S} { S5} 56 59s 11178 249
4 18 {Sis} { S8, S} { Si0. S} { S0} 69 1min47s 12 538 5953
4 18 {Siet {Si8, S} { S10. S} { Sea} 71 1min24s 10133 91
5 16 {Sis} {S17} { Sis, S} { Si0, S} { S0} 86 2min25s 10898 4590

Table 13. Mass Flow Rates for Example 3

Table 15. Cutsets for Single Decomposition of Example 3

streams mass flow rate streams mass flow rate connecting streams cutsets connecting streams cutsets
S 413 349 Sz 60 413 (S} 724 {Sie} 460
S 419579 S 103 939 {Ss, S} 650 {S0=S9} 140
S 209 316 Se 386 580 {S} 578 {S9 128
S 210 262 S0 57 169 {S, S} 508 {S0} 448
S 419 579 S 45 829 (S, S S} 440 {S4} 448
S 460 520 S0 4202 {Sig 374 { Sse} 448
S 26510 S3 26 133 {Siz} 310 {Sss—Su1} 272
S 230 650 Ssa 73 900 {Sis Si4f 248 {Siz} 446
S 229 870 S5 73704 {Sis} 188 {Sug} 622
Sio 26 243 Ss6 50 851
glli ﬁg ggg g‘;; ig gég connecting streams vary with the locations of decomposition.
Sis 206 932 Sio 45 878 Important parameters which affect the decomposition algorithm
Sia 206 717 S0 45928 are the total number of reduced cutsets and connecting stream
Sis 413 650 Si 45851 costs (total number of connecting streams). By reducing the
Si6 2; (1)22 Sz 12;’ gg? number of cutsets (by increasing the number of decompositions),
gg 21 467 g‘j 18 932 the size of the tree gets smaller, which may solve the problem
Sio 478 Sis 19 846 faster, but at the same time the number of connecting streams
So 61 562 S 23 880 increases, which increases the cost of the connecting streams
21 60 985 S 18196 at nodes in the cutset tree. A larger value of the total connecting
22 gi igg gz ‘112 (1)3(13 stream cost reduces the lower bound used in the stopping criteria
Soa 61 109 S 15 154 and hence forces the algorithm to go deeper into the tree and
S5 60 796 S 20 268 explore more nodes. Because one may attempt to solve a
S6 62012 S52 12659 particular problem more than once, we now propose a heuristic
Table 14. Costs of Flow Meters for Example 3 procedure to find the optimal number of decompositions and
the locations for the same.
streams cost streams cost Procedure.
S 2000 Sp7 2000 (1) Choose a maximum running time.
S 2000 S 1800 . . .
s 1800 S 1500 (2) Mak_e_a list of selected places_ for single and_r_nult|ple
S, 1800 Sso 2300 decompositions. For example, for single decomposition, one
S 2200 S 2100 would choose connecting streams such that the subgraphs have
S 2100 Sa2 1800 a similar number of units or cutsets.
Z i%gg éi 3588 (3) Perform a_single decomposition on the giv_en flow diagram
S 1700 Sis 2000 at all the possible proposed locations and find the reduced
Sio 2400 Ss6 2200 number of cutsets for each. The problem is then solved at each
Sut 2000 Sg7 2200 location, and the computation time and the reduced number of
22 iggg 28 3888 cutsets are recorded. If the maximum time chosen is exceeded,
s 1800 o 2000 the run is stopped.
Sis 1500 Su 2000 (4) Increase the number of decompositions and repeat the
Sie 2300 Si2 2300 procedure of solving the problem at the proposed locations.
gll; 3588 g‘i 1288 (5) The trend expected is that the computation time always
St 1800 S 1800 increases with an increase in the number of decompositions
S0 2000 Sies 2100 or the computation time first decreases until a certain num-
S 2000 Sy 2100 ber of decompositions is reached and then again increases. The
22 3888 28 gégg lowest computation time obtained from a given number of
Szi 2000 %z 2000 decompositions becomes the lower bound time for performing
S 2000 S 2000 further runs.
S 2000 S 2000 Example 2. The network shown in Figure 7 was pro-

posed by Madron and Veverkawe use this example to

number of decompositions the total number of cutsets of the illustrate the procedure of finding the optimal locations and
system decreases but the number of connecting streams (streamsumber of decompositions. It consists of 24 streams and 11
connecting the subflow diagram) increases. Also depending uponnodes. The flow rates of Table 9 and costs of Table 10 were
the topology of the flow diagram, for a certain fixed number of considered. A precision of 2.5% is required for variabes
decompositions, the total number of cutsets and the number ofS;o, Si6, S17, S0, and 4 (07* = 2.5%,i = 3, 10, 16, 17, 20,
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Table 16. Results for Example 3 for Different Numbers of Decompositions

no. of total connecting nodes optimal
subgraphs cutsets connecting streams streams cost time explored node
1 128 {Sq} 1500 93min45s 415 836 2 666
2 86 {Si2 { S 3500 5min4s 12 990 856
3 68 {S1} { S} { S} 5800 9min42s 17 279 1887
3 68 {S12} { Seo} { Su2} 5800 8min21s 10 653 108
4 56 {S}{S} {S9} {2} 8000 12min34s 19472 739
4 56 {S} {Sis} { S} { S} 7500 12min34s 18 304 1312
5 47 {S}{S1d} { S5} { S} { S} 9500 23min2ls 28739 257
Table 17. Results for Example 3 for Two Decompositions at Different Locations
no. of total connecting nodes optimal
subgraphs cutsets connecting streams streams cost time explored node
2 88 {S13,S14} { S0} 5100 6min4s 7277 536
2 92 {Sis} { S} 3000 4min12s 3700 291
2 112 {S1} { S0~} 19 800 122 min47s 389 795 16 761
2 118 {S12} { S~ St} 10 000 42min22s 87 635 2013
2 110 { S} {12} 3800 24 min43s 27 643 1876
2 98 {S}{Sd 3700 16 min 33 s 18 635 1342
2 118 { S} { S0} 3800 29min12s 29743 2396

24). A residual precision order of 1 and a threshold of 5% in  The computation time is the smallest for the run with two
the same variableg)(* = 5%, i = 3, 10, 16, 17, 20, 24) are  decompositions at streariSig}, { Si0, S} and, then, increases
also required. with the number of decompositions. We fix this computation
We first decompose the flow diagram (Figure 7) into two time as the lower bound time and run the Madron program for
subdiagrams at different locations along the length and find the two decompositions at different locations aroufgle}, {Sio,
location which gives the minimum number of cutsets. One Sg}. Any run with computation time greater than 43 s is
method to automatically find the optimal locations for each terminated. Similar runs are also performed for single and triple
number of decompositions is presented in the Appendix. The decompositions and around the locatidi&s, Ss} and{Ss},
proposed method converts the incidence matrix into a diagonally { Sis, S}, and{ Ss}, respectively. No other runs gave the solution
dense matrix, to later automatically locate appropriate connectingwith a computation time less than 43 s.
streams and subgraphs. Table 11 shows the number of cutsets Example 3. This example is considered to illustrate the
and the connecting streams at various locations of a single efficiency of the method. A flow sheet of the crude distillation
decomposition. We solve the problem with single decomposition unit (CDU) shown in Figure 8 is taken from Bagajewicz et al.
at the location with connecting streari8g and S which gives Vapor and mixed flow streams were eliminated. Figure 8
the minimum number of cutsets. consists of 52 streams and 19 units. Table 13 and Table 14
We now perform a higher number of decompositions (more contain the considered values of mass flow and sensor costs,
than one) on the flow diagram, and for every decomposition respectively. All sensors are available at 2% precision. A
the location at which the total number of cutsets are minimum, precision of 5% is required in strearBg, Sis, Ss1, Ss3, S35, 7,
we solve the problem. Table 12 shows the computation time, Si3, S14, Sis, 6, S17, S8, S0, 1, and Ss, (0* = 5%, 1 = 17,
nodes explored, total cutsets, and connecting streams for each8, 31, 33, 35, 37, 43, 44, 45, 46, 47, 48, 50, 51, BXesidual
run. precision order of a and a threshold of 25% in the same variables
We found the computation time increasing with the number (yi* = 25%,i = 17, 18, 31, 33, 35, 37, 43, 44, 45, 46, 47, 48,
of decompositions, and therefore, we stop at five decomposi- 50, 51, 52) are required. Also, error detectability«8f= 3.9
tions. All the runs were executed on an Intel Celeron 1.39 GHz, (with y = 50%) for flow 31, 37, and 43 was added.
256 MB RAM PC, and all gave the same solution with a cost  We start with finding the number of cutsets for single
of 185 and measuring streaflSs, S, S, &7, S, S, Sio, Si2, decomposition at different locations and solve the CDU problem
Sz Sie S17y S, S0 3 4, {5 S0 S S S S, S0, Sio at the location which gives least number of cutsets (the appendix
Sia, Sie, Si7y S19, S0 S3, S4p . Table 12 shows the decrease in - shows the method of finding optimal locations). Table 15 shows
number of cutsets and increase in number of connecting streamghe number of cutsets for single decomposition of the CDU at
with the increase in the number of decompositions. different locations along the length. A single decomposition with
A node counter is used in the cutset tree algorithm which is the connecting streaft,q} gives the least number of cutsets.
incremented whenever the node is evaluated with the model Similarly, we find the locations for higher numbers of decom-
(either feasible or not); the optimal node is the node counter positions, which gives the least number of cutsets. For each of
number at which the tree finds the optimal solution. The optimal these locations, we solve the CDU problem, and Table 16 shows
node value gives an idea of how early the optimal solution is the results obtained. If we find more than one location with
found in the tree. The earlier the optimal node is found, the same number of reduced cutsets, we solve the CDU problem at
tighter the lower bound for the stopping criteria, avoiding deeper all those locations.
exploration of the tree. The total nodes explored is not the mea- All the runs were executed using an Intel Celeron 1.39 GHz,
sure of computational speed; for example, more time (2 min 256 MB RAM PC, and all gave the same solution with a cost
25 s) was required in 5 decompositions to explore 10 898 nodesof 44 100 measuring the following streafiS;s, Sis, Si7, Sis,
while less time (43 s) was required in 2 decompositions t0 Sig, S9, 51, 82, 83, Ss5, 37, Sa2, Sz, Sua, Sus, Susy a7, Sus, S,
explore 10 462 nodes. This is because the number of single nodeSso, Ss1, Ss2} or { Sis, Sty Si7, Sis S19, S0, 81, 320 3, Sy S,
evaluations due to different combinations of union and ring sum Si, Su3, S, Sis, Sier Sz S8, Sie, S0, S, 2. The
operations (for connecting streams) is different and hence thecomputational time highly depends on the number of connecting
average computation time of a node for different runs is streams, their cost, and how early the optimal node is found.
different. For example, a decomposition in three subgraphs at streams
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Table 18. Results for Example 3 for Two Decompositions at Different Locations

no. of total connecting connecting nodes optimal
subgraphs cutsets streams streams cost time explored node
1 188 {Sis 1500 111 min32s 518 234 865
1 248 {S13,S14} 3600 183 min 23 s 712 345 4387
1 310 {Si2} 2000 135min42s 603 723 3128
3 74 {S11,S15S9} 5000 5min34s 5581 431
3 74 {5,559} 5200 5min47s 5723 314
3 74 {Si5,S0,S12} 5300 5min50s 5821 257
3 74 {$.512,S9} 5700 6min4ls 7990 856
3 76 {S11,S0, S} 5800 8min2s 12734 2277
3 76 {S12,.S0,S19} 5800 7min2ls 11504 1264
3 77 {$.511.S9} 5700 7min48s 12 338 1453
3 78 {S12,Si5,S9} 5000 5min54s 5987 182
3 80 {$2.S12,S9} 5500 6 min 18 s 7325 314
3 80 {S11,S12,S9} 5500 6 min55s 8 156 465
3 80 {S.S0.S2} 6000 7min3s 8 442 342

{Si12} {S9}, and{Sy2} required 8 min 21 s to explore a total of needed to solve large industrial size problems. The algorithm
10 653 nodes (with optimal node 108) while a decomposition is rigorous, that is, it guarantees global optimality. An example
into two subgraphs at streafiS;,} and{ S} required lesstime,  shows that, for an industrial size flow sheet, the solution time
5 min 4 s, to explore more nodes 12 990 (with the optimal node can be reduced from an estimated 45 days to 4 min.

being 856). Although the number of nodes explored is higher,

there are a lower number of union-ring sum operations at eachAppendix

node, thus requiring less time. These operations are not Systematic Approach for Identifying Sub-graphs. Identify-

performed on every node of the tree: only when they contain ; ing appropriate connecting streams for decomposition can be
the connecting streams. Hence, the frequency of getting a node S s 5 s 5 s s
1 2 3 4 5 6 7

with connecting streams changes for different numbers of

decompositions and their locations. g' (1) _11 _01 _01 g g g

The run with 2 decompositions at strea{i&.}, { S} gave :
the minimum computational time and hence formed the new Up 00 01100
lower computational bound. With this lower computational Ueloo 0001 =1 -
bound of 5 min 4 s, we performed more runs on the CDU exam- s, S,
ple with two decompositions at other locations from streams s s, s, S5 s,
S andSye. These runs are shown in Table 17. Although these — o 0

runs are longer, they were not interrupted at the lower compu-
tational bound but were allowed to complete for illustration
purposes.

Figure A1l. Seven stream flow diagram.

The runs with the locations having many connecting streams, S 5 5 88 S 5 S8 S 8 S S8
(S}, {S0—Sg and{Si2}, {Sss—Su1}, take a very long time. Y |1 —1 0 0:0 0 0 Ul =T 0 0]0o 0 0]
This is due to a large number of union-ring sum operations at U [0 1 =1 -1.{o 0 0/ w o 1 -1 -1]o 0 o
each node and also because of a large number of connecting®s | ¢ © 1 -1 0 0 U; [0 0 0|1 -1 0 0
stream costs which loosens the lower bound stopping criteria Y+ L9 0 © 50 1 -1 -l U, [0 0 0jo 1 -1 -1

and forces a deeper exploration of the tree. Hence, we avoid
executing the runs at the locations with many connecting streamsrigure A2. Smgle decomposition for Figure Al.
such as{S—Sgt and{Sss—Sua}. A run with a computation

time smaller than the lower time bound was obtained at location !

{Ss, {S9}- S 515 S 51808 s S, S
Similar runs with single decomposition with locations varying & |' 2130 0 030 0 u [t 1jo
along strean{S,¢} and triple decompositions with locations gz 3(1) ‘0‘ —1‘ 01; g g U [0 T T
varying alon , , were performed. All the runs s |94 ~l U, |00 0
ying along{ Sy1} { S} { Su2} p 0l0 0 o1 -1 -1 = v oo o

gave the same solution. No other runs with times lower than 4 U,
min 12 s were obtained, and Table 18 shows these results.

The CDU was decomposed into the maximum number of Figure A3. Double decomposition for Figure AL.
decompositions which is 19; all the streams except the one
connected to the environment are connecting streams. The
algorithm explored a total of 18 850 nodes in 3 days and had
skipped 1247 nodes when it was interrupted. Assuming the same
fraction of nodes to be explored from remaining nodes, the
estimated time of completion is 83 days. Due to the large rig e a4, Eight stream flow diagram.
number of connecting streams, large numbers of union-ring sum
combinations are performed among them and hence the average

i
. . . - S S, S S8 S S, S g .
computation time for a single node is very large. In other words, " _* ™ "% " 7t 5 5 5 5 05 5 5 %
it would perform even worse than using a union of cutsets. ' ' Gl - 00400000
G0 1 1 130 0 0 1 )ulo 1 oo 0 0
_ Ujo 0 011 -1 0 0 0 vo o 0 1[-1 0 0 o
Conclusions Udo 0 0o 1 -1 -1 4 Ulo o 0 o1 -1 -1

We presented a decomposition algorithm to be used in a tree !
of cutsets that reduces considerably the computational time Figure A5. Single decomposition for Figure A3.
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Figure A7. Double decomposition for Figure A3.
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Figure A8. Two input flow diagram.
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Figure A10. lllustration of single decomposition in strearBg and Ss.

done by simple inspection, especially if a graph is linear like
the one in Figure 8. Even in cases such as the one in Figure 7 matrix below rowU; and below rowJ; (shown in Figure A3)
one could identify places where the graph is divided into equal which results in double decomposition with connecting stream
parts. We want, however, to be able to do this automatically. {S} and{Ss;}.

In this appendix, we show how this can be done.
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(1) Each row of the incidence matrix represents a unit and
each column represents a stream.

(2) In each row, streams entering the corresponding unit are
represented by a number 1. Streams leaving the unit are
represented by a numberl.

Consider the graph of Figure A1, where the incidence matrix
is shown.

For linear flow diagrams (Figure Al), if the first stream in
the incidence matrix corresponds to a feed stream, then the
elements of the incidence matrix along the diagonal are dense
(nonzero with 1 and-1) while the elements in the nondiagonal
region are zero. To be able to find the best decomposition into
two subgraphs, we aim at leaving equal or roughly equal number
of nodes in each subgraph. To do this, we simply choose to
divide the incidence matrix into several matrices, all of them
with the same number of rows. For example, for a single
decomposition, we decompose the incidence matrix below row
U,. This leads us to identify columB&, (Figure A2), which
results in single decomposition with connecting streanThe
dotted line shows the breakage, which leaSigss an exit stream
for the matrix on the left and an input stream for the matrix on
the right. Figure A2 also shows the resulting matrices, which,
for S§; to be the only connecting stream, must fulfill two
properties, (a) the resulting subgraphs need to be independent
and (b) the resulting subgraphs need to be connected.

For the graphs to be independent, no stream, except the
connecting stream, should be in both graphs. This can be easily
checked in the example of Figure A2 by verifying that the rows
below row U; below the left matrix and the rows aboug;
above the right matrix have all zero elements. One now needs
to check that the subgraphs generated are connected.

The method to determine connectivity based on the incidence
matrix is as follows (see chapter 5 of the work of Bagajewicz

(1) Take the first row of the incidence matrix and find a
column with a nonzero element.

(2) In that column, search for another row with a nonzero
element, and by construction, this element will have an opposite
sign.

(3) Add the latest row found to the first row and eliminate
the row and the column.

(4) Repeat the same procedure for all the remaining rows.

(5) Finally, count the number of rows left. This number is
the number of connected systems.

For double decomposition, we decompose the incidence

We now illustrate the procedure using slightly more complex

The incidence matrix for any process flow diagram is flowsheets. Consider now a linear flow diagram with a recycle

constructed as follows:

12 3 4567 89 10 11
ufo o0 0 010 0 0 0 0 0
Uu,l]0 0 0 001 -1 1 0 0 0
Uu,Jo0 0 0 000 0 0 -1 =10
u,Jo0 0 -1 100 0 -1 0 1 0
Ug|-1 =1 1 000 0 0 0 0 0
U0 0 0 000 0 0 0 0 1
Uu,l0 0 0 000 0 0 0 0 0
U0 0 0 000 0 0 0 0 0
U0 0 0000 0 0 0 0 0
U,JO 0 0 000 0 0 0 0 0
U, 0 0 0000 0 0 0 0 0

Figure A1l. Incidence matrix for Figure A10.

S OO - O O O o o0 o O

13
0

S O O O o O

stream as shown in Figure A4. Figure A5 shows the single

14 15 16 17 18 19 20 21 22 23 24
0O 1 -1 0 0 0 0 0 0 0 0]
0 0 I -1 -1 0 0 00 0 0
0 0 0 0 I -1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
00 0 0 0 0 1 0 0 0 O
00 0 0 0 0 0 -10 0 0
0 -1 0 0 0 0 0 1 1 0 0
00 0 0 0 0 -1 0 0 0 O
-10 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 -1 0
00 0 0 0 1L 0 0 0 0 -I]
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1121 22 15 516 6 7 17 23 8 18 9 19 24 10 4 3 1 2 20 12 13 14
Ugft =t o 0o 0000 0 0 0 0 0 0 0 00O 0 0 000 0]
v,/0 1 1. -10 0 00 0 0 0 0 0 0 0 000 0 0 00 0 0
v,jo 0 011 -100 0 0 0 0 0 0 0 000 0 0 00 0 0
Uu,/0 0 0 0 01 1-1-101-10 00 02020 0 0 000 0
Uegl0 0 0 0 0000 1 -1 0 0 0 0 0 000 0 0 00 0 0
Uu,j/0 0 000000 0 0 0 1 -1-10-1020 020 0200 0
Usj0o 0000000 0 0 0 0 0 1 10200 0 0 020 0 0
us,Jj/o 0 0 00000 0 0 -10 00 0 1 1-10 00200 0
Ugjfo 0 0 0 0000 0 0 0 0 0 0 0 001 -1 -11200 0
Ugl0 0000000 0 0 0 0 0 0 0 000 0 0 -11-120
Uyl0 0 000000 0 0 0 0 0 0 0 020 0 0 0 0 1 -1
Figure A12. Diagonal incidence matrix for Figure A10.
11 21 22 15 516 6 7 17 23 8 18 9 19 24 10 4 3 1 2 20 12 13 14
Ut =T 0 0 0 00 0 0 0 0 0J]0o 0 06 00 0 0 0 00 0 O]
v,jo 1 1 -1 0 000 0 0 0 0J0 0O 0 00O 0 0 0 0 0 0
Ufo o 011 -10 0 0 0 0 01(0 0 0 000 0 0 00 0 0
u,jo o o 0o 0 11 -1-10 1 -1/0 0 0 000 0 0 0 0 0 0
Uello 0 0 0 000 0 1 -1 0 00 0 0 000 0 0 00 0 0
Uu,j/0 0 0 00000 0 0|0 I -1 -1 0-1020 0 0 0200 0
Usj0o 0000000 0 0[O0 0 0 1 102020 00 020 0 0
U,/ 0 0 00000 0 Of-1 0 0 0 0 1 1-10 0 0200 0
Usjfo 0 0 00000 0 0|0 0 0 0 0 00O0T1 -1-11200 0
Ug0 0000000 0 0|0 0 0 0 0 000 0 0 -11-120
Uyl0 0 000000 0 0[0 0 0 0 0 000 0 0 00 1 -1
Figure A13. Single decomposition of Figure 7
which results in double decomposition with connecting stream
{S} and{S;, S
We now consider the situation of graphs that contain more
than one feed stream. Here, the question arises as to which feed
streams are appropriate to start. We first notice that we prefer
the streams that are feeding units not connected to any recycle
stream or connected to streams that are coming from other
nodes. For the flow diagram shown in Figure A8, we have two
input streamss; andS;. Figure A9 shows the incidence matrix
for Figure A8. Two input streams make the incidence matrix
nondiagonal. Hence, we use the row and column interchange
: operations to get a diagonal incidence matrix. The proposed
Figure Al4. lllustration of a double decomposition in strea®s and procedure to obtain an all-diagonal incidence matrix is as

{S S follows:

decomposition. We first notice that the incidence matrices for (1) We consider all input and output streams of the process
the subgraphs are not independent. Str&im present in both flow diagram and select only the input streams connected to a
decomposed incidence matrices and therefore needs to be addedode which do not get any input from another node. We do the
as a connecting stream. We therefore rearrange the matrix tosame with output streams.
put streanty closer toS, and proceed to partition through both (2) We first start with the selected input streams. By
streams. This is shown in Figure A6. performing the row and column exchange operations, we get
For double decomposition, we decompose the incidence the selected input stream as the first element of the incidence
matrix below rowU; and below rowJs (shown in Figure A7) matrix (first row and first column).

11 21 22 15 5 16 6 7 17 23 24 18 9 19 8 10 4 3 1 2 20 12 13 14
Ugfl =1 0 0 0 0 {0 0 0 0 0 0 0 0 00 0 0 0 00 0 O]
v,)o + 1 -ro ofo 0 o o o0 o0 0 0 O O 0 O O O O O O O
vfjo o o 1 1 -1f0 0 o 0o o0 o o0 o0 O O O O O O O O O O
v,jo 0 0 0 0jr 1r-r-ro o0-1r0 01T 000 0 0 000 0
Uyl0 0 0 0 0{/0 06 01 -1 0 06 0 0 0 O0f0O O O O OO0OO0O O
v,/0 0 0 0 0fO O O0 0 0 0 1 -1-10 -0 0 0 0 0 0 0 O
vu,0 o o o 0fo 0 0 0 0 -1 0 O 1 0 0J]O0O O O O O O O O
/0 0 0 00 0 00 0 0 0 0O O O0)-1 1 1-1 0 0 0200 0
vsl0 0 0 000 00 0 0 O O O OJ]O OOT1 -=1~-=11 00 0
ul0 o 0 0 0000 0 0 0 0 O 00 00O O O -11-10
u,jo 0 0 0 0 0 0 0 06 606 06 0 0O 0JO O0OOC OO OO0 1T -1

Figure A15. Double decomposition of Figure Al4.
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(3) Now by performing the column exchange operations, we  Figure Al4 shows the same flowsheet with a proposed
get the rest of the streams present in the same row (same unitdouble decomposition with connecting streagfSg} and
closer to the selected input stream. Streams with 1 are placed{Ss, Sio} . The corresponding incidence matrix is shown in Figure
before streams with-1. Al5.

(4) We now find a row (from the remaining rows) which has
at least one stream being the same as the previous row streamgijterature Cited
and place that row below the first row (by row interchange
operations). Again, we perform the column exchange operations (1) Gala M.; Bagajewicz, M. Rigorous Methodology for The Design

- : and Upgrade of Sensor Networks using Cutdets. Eng. Chem. Re2006
as described in step 3. 6679-6686.

(5) Continue with steps 4 and 5 until the last row i§ reached.  (2) Bagajewicz, M. Design and Retrofit of Sensors Networks in Process
The same procedure is performed for all selected inputs. For Plants.AIChE J.1997, 43 (9), 2300.
selected output streams, we placed them at the last row and (3) Bagajewicz, MDesign and Upgrade of Process Plant Instrumenta-
last column and performed the same procedure in a reverse wayion Technomic Publishers: Lancaster, PA, 2000.

. . . iy i (4) Madron, F.; Veverka, V. Optimal Selection of Measuring Points in
ﬁlﬂgltszteefﬁ; fow of the incidence matrix is reached. We NOW . ie. plants by Linear ModelIChE J.1992 38 (2), 227,

. . (5) Bagajewicz, M.; Markowski, M.; Budek, A. Economic Value of
Consider the flowsheet of Figure A10 and the proposed precision in the Monitoring of Linear System&IChE J. 2005 51 (4),

decomposition. Its incidence matrix is shown in Figure Al1l. 1304.
The incidence matrix is not diagonally dense; hence, we

convert the incidence matrix using the input stre&mas the Receied for review July 25, 2005
selected input (Figure A12). Revised manuscript receed July 8, 2006
For single decomposition, we decompose the incidence matrix AcceptedJuly 11, 2006

below rowU;owhich leads in almost two equal parts. This leads
us to identify columnS;s and Ss (Figure A13). IE050866J



